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Abstract

This study focuses on nonlinear equations, particulatly the (1 + 3) dimensional generalized modified Schrodinger equation
(GMSE) as a key example. Given the extensive use of classical Lie symmetry methods, the research applies Lie symmetry
analysis to explore the (GMSE) in detail. Lie symmetries of the equation are derived to identify rare classes of exact solutions,
with the arbitrary functions in each solution offering a wide range of possible solution profiles. The Lie symmetry method
holds considerable future potential for generating more diverse solutions, as it allows solutions to incorporate functions and
arbitrary constants. This work also effectively highlights the uniqueness of the solutions when compared to previously
published results.
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1 Introduction

A broad range of physical phenomena and behaviors can be modeled by nonlinear dispersive partial differential equations
(PDEs). Differentiating the dispersive effects of these equations is essential. Equations can display linear or non-linear
dispersive effects, or their dispersive effects may completely vanish. The investigation into symmetries of PDEs is advancing,
as they are essential for expanding known solutions, realizing linearization, and finding new integrable PDEs. Physical existence
or models are often described using nonlinear equations. Analytical solutions of nonlinear PDEs are crucial in areas like
mathematical physics, fluid dynamics, nonlinear optics, plasma physics, modeling and engineering. In recent decades,
considerable attention has been given to extracting solutions of nonlinear systems, such as traveling wave solutions, solitary
waves, periodic waves, kink and anti-kink solutions, solitons, and studying the integrability of certain fascinating nonlinear
partial differential equations (PDEs) [1-5]. This includes equations like the Burgers equation [6], modified equal width-Burgers
equation [7], combined KdV-mKdV equation [8], nonlinear Schrodinger equation [9], the KdV model [10], and the modified
equal width equation [11]. Some results were derived using the rational sinhcosh methods and polynomial function. Hence,
determining exact solutions has gained essential importance in the field of nonlinear science. In recent years, physicists and
mathematicians have extensively worked on this subject, introducing numerous useful techniques, including the mapping
method [12], the reciprocal Backlund transformation method [13], Hirota’s bilinear method [14], the Painleve expansion [15],
the homogeneous balance approach [16], the Expfunction technique [17], the rational expansion method [18], the Jacobi
elliptic function expansion method [19,20], and many other approaches [21,22]. The application of the Lie symmetry method
to PDEs provides a robust approach for deriving reductions and invariant solutions [23]. To describe symmetries, Lie
symmetry groups serve as a major family of mathematical tools [24].

Sophus Lie is widely recognized by mathematicians as the founder of the theory of transformation groups, which led to the
development of the modern theory of Lie groups [25]. Recently, Tian et al. [26] successfully developed a direct and effective
approach for the symmetry-preserving discretization of generalized higher-order equations and proposed an open problem
regarding the symmetries and multipliers of conservation laws. We analyze (3.1) in this paper from the viewpoint of symmetry
reductions in PDEs, obtaining the Lie point symmetries admitted by (3.1) for arbitrary functions to derive exact solutions. The
mathematical technique of symmetry analysis [27,28] is used to examine and understand the symmetries that exist within
equations or physical systems. Symmetries describe the invariance of systems under specific transformations. In symmetry
analysis of differential equations, the goal is to identify transformations, typically generated by Lie groups, that maintain the
equation’s form or transform it into an equivalent one. The symmetries can expose important details about the equations,
potentially leading to more efficient solutions. Lie theory is of great significance in nonlinear and engineering fields, with
countless practical uses. In contemporary research, a significant volume of literature on Lie theory can be found [29-31].
Kumar and Kumar [32] employ the Lie symmetry method to find the analytical solutions of the (2 + 1)-dimensional modified
CBS equation. The solutions to many well-known nonlinear PDEs are achievable solely through symmetry methods. Lie point
symmetries are instrumental in identifying similarity transformations, a method that researchers use to introduce new
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dependent and independent variables. By introducing similarity variables into PDEs, the number of independent variables is
reduced, although the order of the PDEs remains constant. A sequence of reductions applied to the simplified PDEs ultimately
leads to ODEs. By repeatedly applying the Lie symmetry technique on the reduced ODEs, lower-order ODEs are derived,
from which particular solutions to the given system can be computed. Currently, researchers rely on powerful Computer
Algebra Systems (CAS), like Maple and Mathematica (commercial), to efficiently carry out symmetry calculations. To calculate
the symmetries in this work, we make use of the Mathematica and Maple [33,34]. We employ symmetry approaches to achieve
our goals, as we are focused on obtaining exact solutions to the nonlinear GMSE (3.1).

2 Fundamental Operators
To utilize the Lie method for GMSE (3.1) we examine a one-parameter Lie group of point transformations acting on the
dependent and independent variable spaces.

= u+ eMutxyz) + OE),

r= 1+ €dlut,x),3) + O(€?),

x’ x + €futxyz) + 0E€), y + 2.1)
VT et + O€), 3+ en(mhxg)

=+ 0,

related to the infinitesimal generators

W = /1(%,2‘,%{,)/,2)8,‘ + ¢(”}LXJJJZ>61‘ + Sg(”)f)-x‘))/;z)ax+ (22)
Pt x0,2)0, + (4%, 3) 0%

In accordance with the symmetry invariant conditions [35-37], we stipulate that the second prolongation of the infinitesimal
generator (2.2) leaves the solution space of PDEs (3.1) invariant, i.e.,

. —h? .
PT[Z}Y( Qf;L [t + Uyy + Uszz| + du = ihu, + fuuy + fuutt?) | a—o = O. (2.3)

Where A=

I e + Uy + 2] + Su = iRy + [yt + [t o .
(2m Mo vy 2z ‘ D Ju T Juu ) Jand considering PA2Y as the second-order prolongation
of the vector field (3.1), we split Eq. (2.3) with respect to the derivatives of # leading to an overdetermined system of equations
for the infinitesimals A(s,4,5,9,3) +)(u,2,5,9,2)+ Eut,x,9,3) + G tx,3) + 7(n1x,73), and the functions f,and f,. The following
equation is obtained from (3.6)-(3.11). In the next section, the second-order prolongation is applied to find the Lie point
symmetries and exact solutions of Eq. (3.1).

3 Classification and Exact Solutions for the (1 + 3) Dimensional Generalized Modified Schro"dinger Equation
(GMSE).
—h2

v (U + Uy + sz + du = ihuy + futiy + fuutiy 6
In this section, we prompt the whole classification of the classmal Lie symmetry and exact solution of (1 + 3) dimensional

GMSE. The given equation is
2

%[um + Uy + Uz + Pu— ihuy — fuy — fuutt; =0

, (3.2)

where the function f,and f,, are arbitrary.
* ¢ isapotential.
*  yis a wave function.

h:h

* hisaplank’s constant, 2.
* mis the particle mass.
* / a mathematical quantity which is called ”imaginary number”, which isV

equal to -1
. ¢is time, which describe how ”#” modify its structure over time..
In a vector fields LPS are

(3.3)
- o 0
Y =d(ut,z,y,2)5 +(utay 2z + & (ut, %2)

0
E(u,t, x, vy, Z)a_y + &u,t, 0y, 2

E= & ut x 7, 3), 1= 1,2,3,4, for above equation. The invatriant condition is

)&

)
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O=8u+ Eu+ Buy+ Gu,+ ¢ = 0. (3.4
The Lie point symmetry generators of equation (3.2) are obtained By imposing the condition of invariance
2
21— - : : .2
y! }[%[um + Uy + Uzz| + Qu — il — fury — fuutt; = 0.] |32y=0. (3.5)

Where Y lis the invatiant transformation’s of 2"order prolongation of Y and |2 is the application of the surface conditions
which are invariant. In above Y P can be derived, After expansion and separation with tespect to the powers of vatious
detivatives of u, a structure of linear PDEs with new coefficients is provided. &, &, &, #and ¢. From Eq (3.2), determining
forms are

&l = 0,3 = 0,&n2 = 0,&un2 = 0,éunl = 0,énu3 = 0,éurl = 0,&undt = 0, &ur2 = 0,&xn2 = 0,&u3 = 0,&nyl = 0,&x3 = 0,&ex1 =
0,864 =0, . (3.6)

The remaining determining equations are determined by using the values of the equation (3.6).

2humér2 — 2mfuéxx — Amxcfun + Amfupxn — 2R2Pxu+

(3.7
hR&x2 + h282 =0,
thTnff — 2h2(f)yu + }3,24,;:}3:: + 52 _:3;]: + hrz 3,}, + }LQ gz - 0) (38)
*4m®ufuu + 4m§§fuu - 27n¢fuuu = 0) (3.9)
_hQQf)u + 2mfu¢’)u + 2h2£3~ - 4mfu€2 + Qm(‘»bfuu - 0) (3'1())
(3.11)

From equation (3.9)
2 2mao fuun + 4maoy, fuu

3
‘ Am fuu . (3.12)
After taking the derivative of equation (3.11) and using values of equation
(3.12), then Simplifying equation is
, p 27 4 9 p ;o .
*4m@u‘fmm + 4m'£mujuu + 47nfg~,fuuu - 27”@?1.fmmt, * 2m¢f1.m?m, — 0 . (313)

Taking the derivative of equation (3.12) w.r.t.’u’.
2 @?1 fuufuu'u. + (Pf'uufutruu - d)fuuufuuu
‘S."cu - 2 f f
) un .(3.14)

2 2
Simplifying equation using the value ofg:mnd‘fruin equation (3.13).

2mfunu2 funnn — 8mfunfunn2. funun + Afunfunufunun + 8mfun funn funnun
2 2 2 2 (3.15)
—L6mfunfunnn — funnn + 4mfunfunnu — funnnn = 0.
Solving the remaining equation (3.15), involving the arbitrary function of the following form
2

f(u) :a% In(1 + tanu) + b%
ae™  cu®  du?

) = +—+ .
fw) b? 6 2 ) (3.16)

(3.17)
The method for calculating Lie symmetry transformations is as follows, using equation (3.16) and taking the first and second
derivatie’s.
a
fu=auln(l + tanu) + - In(tan®u) + bu
2 (3.18)
Jfu= an(l + tanw) + 2ala(tanu) + b. (3.19)

- u_? u?
3.1 GMSE Lic Symmetrics Involving / () = 05 In(1 + tanu) + b4

wfu = auln(l + tanu) + §In(tanu) + bu
2aln(tann) + b then equation (3.2) becomes
2

and f, = dn(1 + tanz) +

—— Uz + Uyy + Uzz] + Pu — ihuy — (auwln(l + tanwu) + % In(tan®u)+ (

2m 3.20)

bu)ug — (aIn(1 4 tanu) + 2aIn(tanu) + b)ui = 0.

Simplifying the Eq (3.20), which gives five LPS

v ' ' 0 0
1 ey

Y= L V= LY = Y = —
ot ox Ayt 9z du, (3.21)
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3.2GMSE Exact Solutions Involving
2
flu) = a5 In(1 + tanu) +
2

b In(tanu) + bu
Next, we obtain the ES of equation (3.20) using the aforementioned five LPS.

d 9, 0 0 0
Vi= o Yo=Yy = o, Vi = o, ¥y = —

ot Ox 8y 0z 8'u,_ (3.22)
Now, ES of equation (3.2), Y = Y1+aY>+pY3+pY4,+¢Y5. The operator’s for similarity variables are

0 0 0 0 0

Y= +a—+f— +75 + ¥
ot “ ox B By 7 0z 6’&. (3.23)
Infinitesimal operators include
d
Y =¢o +5 — 53— +£ n'
"oy [(3.24)

where, &8 =1, 8=q, 8=, &=y, 5! = ¢. The change of coordinates to canonical form
v(rsw) + Pt = u(txy,3),w = —at + x,r = —pt+ 5= —pt+ i =+t
(3.25) Calculating the required partial derivative;s from equation (3.25). We get
UX = VWUXX = VWWHY = VKUY = DILHT = VST = USS, (3.26)
= —avy = yv;— P+ thuy= vy + 2apvy,t
(3.27)

2afv,+ 2Byv+ y v+ L 0,

= 2 = 2apv, + v, — 2y, + 2ayv,v+ Yo~

(3.28) 2

2¢pv,+ 2afv,v.+ 2Ppvw,+ B vy

Simplifying equation using the values from (3.25) to (3.28) and values of f,and £, in equation (3.20).

2

;—m[vww + Upp + Vss] + S0 + Pt) — ih[—avy, — yvs — Bo, + Y] —
(a(v + ot) In(1 + tan(v + t)) + % In(tan®(v + ¥t)) + b(v+
V) [P Vuns + 207050 + 20801 + 2801y + 7055 + 520 —
(aln(1 + tan(v + ¥t)) + 2aIn(tan(v + t)) + b)[t* — 2athv,+
vy, — 200, 4+ 200,05 + Y205 — 20 Bv, + 2aBv,v,+
287050, + B2up] = 0. (3.29)
Simplifying equation using 7 = j,ih = £ in equation (3.29).

2

;—j [Vww + Vpr + V] + O(v + Yt) — k[—av, — yvs — Bo, + ]
(a(v +t)In(1 + tan(v + ¢¥t)) + % In(tan®(v + ¥t)) + b(v+

U))) [0 Vi + 20704 + 20804 + 2B0rsY + 7 s + B70rp]—
(aln(1 + tan(v + ¥t)) + 2aIn(tan(v + ¥t)) + b) [V — 2a¢pv,,+

vy — 2005 4 207005 + Y20 — 200, + 2000, +
2Byvsv, + BQUT'T] =0,. (3.30)
Solving the equation (3.30) which give four LPS.
3} 3} 0 J
Yi==—Y,=—Y;=—Y, = —
Yot ot a8t w. (3.31)

Infinitesimal operators include
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8 d
Y 2 3 1
5 + £ + 5 8w, (3.32)

where, &= ,[)’, &=a,, 51 1, 7= g[) . The cootdinates transformation in canonical form:
glmn) + r= v(rsw),m = —br+ wn= —ar+ sp=r. (3.33)

Finding the relevant partial derivatives from the equation (3.33). We get
vr =1 — agn — bgmvrr = a2gnn + 2abgmn + b2qmm,vrs = —agnn — bgmmn ,

(3.34)
VS = qRUSS = quavw = qunuww = qunLvsw = qmmvrw = —aqmn — qmn
(3.35)
vsvw = gmqnewr = thgm — agmqn — bamaqnm , (3.36)
0= g, — aqgugn = bquqs. (3.37)
Reducmg the equation with the values derived from the previous equations (3.33) to (3.37) in equation (3.30).
—h?
o Gt @ Gun + 20bGn + b G + Gun] + &g + Pt + ¥r)—

kl—aqm — g — BY + aBq, + bBgm + U] — (alq + ¥t + r) In(1+
tan(q + ¥t + ¢r)) + g In(tan®(q + ¥t + r)) + b(q + Ut+

) [P Gomm + 207 Gmn — 200 8Gmn — 208bGmm — 203G, — (3.38)
2089bGun + V2 qun + @* B2 Gun + 20032 G + b2 B2 @) — (aIn(1+
tcm(q + )t + 1)) + 2a ln(tan(q + bt + 1)) + b)Y — 200qm+
« qrm — 200, + 2% Gm + 7 Gn — 2%28 + 20 8q, + 20 Bqm+
208Y Gy — 2a08¢mGn — 2baBqmgm + 2870q, — 208Y¢nqn—
203°YGmn + @* B Gun + 2003 Gy + b B2 ] = 0.

Solving equation (3.38) which give three Lie point symmetries.

d
Yi= o Yo=ne, Vs = o
dq’ om’ on, (3.39)
The 1nﬁn1tesunal operator is
, 0
Y = 51 62
8m, 8n} (3.40)

where, 7! = ¢) , & =1, &= a.The coordinates transformation in canonical form:
qmn) = p(h) + vm,l = —dm + no = m. (3.41)

Calculating the required partial derivative;s from equation (3.41).
gm = v — dplgmm = d2pllgmagn = vp! — dp2/,
(3.42)
gn = phgnn = plhgmn = —dpll .
These transformations which are used to diminish the modied Schro”dinger equation to ODE in the following steps. In the
first step equation is diminished to one dimentional. Using the values from the equation (3.41) to (3.42) in equation (3.38),
then the simplify equation is

2

2 [d*py + a®py — 2abdpy + B*d*py + pu] + o(p(l) + Yi+

Vp +vo) — k[—av + adp; — ypr — B + afp + b — bBdp, + |-

(a(p(l) + i+ ¥p + vo) In(1 + tan(p(l) + i + v¥p + vo))+

a S o

2 In(tan®(p(l) + i + ¥p + vo)) + b(p + i + p + vo))) [ d*py—
20rydpy + 2aafdpy — 2a8bd*py — 20 Bvapy + 2a8vbdpu + ¥ pu+ (3.43)

a?B*py — 2abB*dpy + b*B*d*py] — (aIn(1 + tan(p(l) + i + Yp+

vo)) + 2aIn(tan(p(l) + ¥i + p + vo)) + b)[* — 2av + 2anbdp+

v — odp; — 200pp; + 20vp; — 20vdp; + o — 207 B+

2000 Bp; + 20 B — 2bd Sy, + 2a8¢r — 2a80dp; — 2aavp+

2aaBdp; — 2baBup, + 2baBdp; + 2bByp — 208p;—

2a3%ynp + 2a3%vdp} + o B2py — 2abdFPpy + b*d*B7py] = 0.
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Now, we will examine different cases of solutions to the equation (3.43).
Case 1: Whena=0,6=0,y=0,/=0,¢=0r=0p=0,0=0,2=0,b=0,c=0,d =0,

V244 _ Vel
p(l) =Cre™ " +Coe™ 7 (3.44)
Now, solution takes #(#x,),3)
V245 V2iz
u(t,v,y,z) = Cre”n +Che” 7 (3.45)

is a solution of (3.20).

Case 2: Whena=0,b=0,,=0,d=0,y =0,a=0,=0,

p(l) = Coe 7 1y 4 (D0 —vo)o by
¢ . (3.46)
Now, solution takes #(%x,,3)
Nzt _VEai: (=t —y)o —va)p+ ki
u(t,x,y,z) = Cye Cie ™~ n .
u(t, z,y, z) o€ + Che + " (3.47)

ve + 1y + Pt
is ES of Eq. (3.20).

Case 3: Whena=0,4=0,b=0,=0,,=0,d =0,
(3.48)

p(l) = Cae

(edv b2 242 420 h2)i _ (Chivt V23252 420502 )1
"2 h2 +

1€

(=i =) —vo)o + kv

@
Now, solution takes #(#x,,3) shape
(kjvtvR25292 1 20jh2) = _ (—kiy+VEZ2A 2 205h2)2
u(t,x,y, z) = Cse n2 + Cie w2 +
—t =yl —vr)p+k (3.49)
(( L 3 )¢ 4 +vr + Yy + Ut

satisfies equation (3.20).
Case 4: Whena=0,,=0,d=0,b=0

(3.50)
(k14T 0 _ (chin VI
p(l) = Cye w2 + Cie nZ +
(=t = (=Bt +y)d —v(zat +x)¢ — k((5 1) + av)

[0)
Now, solution takes #(#x,,3) shape

(ki k25292 4 20ih?) (vi+2)
n2 -+

u(t,x,y, z) = Cse
_ (=kiy+Vk2i252+20ih?) (yi+2)
h2 +

le‘l
(=t =p) —vo)p —k(w(5—1)+ ow)+
0
v(—at +a) + (=Bt +y) +Ut, a5

is a solution of (3.20).

Case 5: When a=0,a=0,b=0,,=0,4d=0,y=0

p(l) = Coe T + e+ (=i —p)o —vo)o — k(5 1)

(3.52)

Now, solution takes #(#x,,) shape

/o
u(t,z,y,2) = Che” n +

cre- B (Ziop)o - vz;)aﬁ —kp(3-1)

v + (=Bt +y) + Yt

(3.53)is a solution of (3.20).
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The classical Lie symmetry
transformations are calculated by the following way, using equation (3.17) after taking the first and second derivative’s.
ace & U
+— +du
fuu — aeb“ + cu + d(3.54)
(3.55)
. _ (Je i du
Involving f ( U-) + + 5
b

bu
fu= b 2
3.3GMSELie Sy/ﬂmem'ex
_ ae’u cu? }
iefu = 550+ 5 Fdu g, =

ad”+ cu + d then equation (3.2) becomes

(3.56)
_h? . aebu C’U,2
%[um + Uy + U] + Pu— ihuy — (T + T3 + du)uy—

(ae™ + cu+dyu; =0
Solving the equation (3.56) which give to five LPS
0 0 0
Yi=—Y,=—Y;=—Y,=—Y,=—
Yot ot Ay 1T o du. (3.57)

_ ar- & du
34GMSE Exact Solutions Involving! () = 7=~ + &~ + -
Next according to the above five Lie point symmetrieswe we find ES of equation (3.506)

0 d 0 d 0
83:’ 3 ayu 4 ]

du, (3.58)
Now for ES of equation (3. 56) using Y = Yi+aY2+pY3+yYs, Y5 The analogy variables for operator are
0 0
Y=—ta -+ +y-+¢—
ot Ox dy REE v du. (359

The 1nﬁnitesirnal operator include
0
Y = 51 +5—+£3—+£‘ !
BU ,(3.60)

where, & = 1, E=a,&=68=y 7 =1 The change in coordinates of canonical form:
r=uv(nsw) + Pt = utx,R),—pt + 5= —pt+ w=—ar+ xi= 1
(3.61) Finding the relevant partial derivatives from the equation (3.61). We get

UX = VWX = VWW,HY = UhLUY) = VLU = USH3 = USS, (3.62)
w=—av,— yv.— prt ¢, (3.63)
utt = a2vww + 2ayvsw + 2afvry + 2Pyvrs + Y2uss + o . (3.64)

Finding value of #? from value of #,
= 2 — 2apv, + v, — 2pyw,+ 2apv,vt+ Yo — 24pv+

2 (3.65)
2afv,v.+ 2Byvw+ B .

Simplifying equation using the values from (3.61) to (3.65) and values of f,and £, in equation (3.506).
['Uum + Uy + Vgs] + O(v + Ut) — th[—av,, — yvs — v, + U]—

ae’ T (v +aht)?

b + 2
280,57y + V055 + B20p0] — (@€Y 4 c(v + t) + d))[1?—
20000y, + 01y — 200705 + 2070,V + V205 — 208, + 20800, +
2Byvsv, + U] = 0.

+ dv) [0V + 20705 + 2080+
(3.66)

Using » = f/h = £ in equation (3.66).
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—h2
W[wa + U + Uss} + (25(?) + d)t) o k[*(li’l)w - YUs — ,BUT + ?/)}*
aebw+vt) N c(v + t)*
b 2
280,57 + V2 Vss + BP0y — ((ae” %) 4 (v 4+ t) + d)) [?—
2000y, + v, — 21yvs + 207005 + Vv, — 20080, + 200,04+

+ dv) [PV + 2000V + 203000+

Q,L/))'T’US’UT- + ,[7)2?);-1-] = 0. (367)
Solving the equation (3.67) which give fourLLPS.
0 0
Yi==—Yo=—Yy;=—Y,= —
o ot s dw. 6.es)
The 1nﬁn1tes1mal operator is
5}
Y=gt + n'
6 5 5 8w, (3.69)

where, 7' = ¢ , 8= l, 52 =aq, 55 = /3 . The change of coordinates to canonical form:

v(rs,w) = qlmn) + thrm = —br+ wn = —ar+ sp=r. (3.70)
Finding the relevant partial derivatives from the equation (3.70). We get
vr =1t — agn — bgmvrr = a2qnn + 2abgmn + b2qmm,vs = gnvss = qun ,

(3.71)
VW = qrvww = qmmvsw = qunpry = —aqmn — qmm,vrs = —agnn — bqmn ,
(3.72)
vsvw = qmqnvwvr = thgm — aqmqn — bgmqm (3.73)
0= g, — agugn = bGuqy. (3.74)
Reducing the equation with the values derived from the previous equations (3.71) to (3.74) in equation (3.67).
_ 52
[q?’)’l'ﬂ'b + a’ Qrm' + 2aqun + b Q'mrn + qﬂ.ﬂ] + é(q + wt + wr)
_ ) . aeblatit+ir)
k[_a’(Jm — YGn — ﬁw + (LIBQn + bﬁQm + w] - ((T—i_
c((q+ vt +vr)? .
g wQ vr) d(q + Ut + V) [0 Gmm + 20 Gmn — 203 ¢mn—

Qaﬁb%nm - QQﬁf}IG‘q"rm - Qaﬁﬂ,’qu.rnn + '72(11&71 + GJQJBQ(JTm + 2ab)6)2q”1n+
b3 Q] — (a€”@HED) (g + Pt + ) 4+ d) [P — 200 + @7 —
2“@’(]7;_ + QCY’Yer;.q'm + 72%@ - 2@")26 + QQT\U-@QTL + Qb’lf')ﬁQM + QCIﬁ'qum—
QQQBQan - zba,Bqu-m + 2ﬂgmqu:b - Q(IBF}QHQ'H - Qaﬁz'yq-m(ble

a’ % grn + 2abB2 Gon + bQ,BQQmm] =0.

(3.75)
Solving the above determining equations give to three LPS
3]
Vi= Y= o Yy = o
dq am on, (3.76)
Operator function in 1nﬁn1tesimal form:
d 3]
Y =¢'— 52 +0' -
8(1 aﬂfb [')'n,) (3.77)

where, 7' = ¢, 8 =1,&=a.
The change in coordinates of canonical form:

g(m,n) = p()) + nm,d = —dm + n,0 = m. (3.78)

Calculating the required partial derivative;s from equation (3.78).

gm = n — dplgmm = d2pllgn = plgnn = pll,gmgn = npl — dp2/ ,qmn = —dpll .

(3.79) These transformations are used to diminish the GMS equation to ordinary differential equation in the following steps.
In the

1st step equation is diminished to one dimensional.
Reducing the equation with the values derived from the previous equations (3.78) to (3.79) in equation (3.75).

Kurdish Studies



—h?
2_f[d2'p” + (sz” — 2abdp” + bzdzpll + Pll} + @(p(l) + no+

i+ p) — k|—an + adp, — yp; — B+ afp + bBn — bBdp+
aeb(((P(f)+ﬂ0+¢i+¢P) c p l + no _|_ rd)@ + wp 2
(1) D | i

- (T 2
10 + i + Yp) [’ d*py — 20ydpy + 2aBdpy — 203bdpy—

2aByapy + 208vbdpy + v pu + a*B7py — 2abBFdpy + b* B2 dpu] —
(aeb(POFno+Vivr) 4 e(p(1) + no + i + p) + d)[? — 200+
200dp; + o’y — o’dp; — 200p; + 20ymp; — 2avdp; + ¥ — 207 B+
2a1) Bp; + 20 B — 2bdBp, + 2a5Yn — 2aB¢dp; — 2aaBnp+
2aaBdp; — 2baBnp; + 2baBdp; + 2bBvp — 2a8p; —

202 ynp + 2a8%ydp} + a*3*py — 2abdFpy + V*d*BPpy] = 0.

Now, we will examine different cases of solutions to the equation (3.80).

Case 1: Whena=0,6=0,y=0,7=0,=0,)=0p=0,0=0

V2851 _ V2er!
p([) = Cemnd ra?—2abd+p?d?+1 | (he mi2+a®—2abd+b2d2+1

Now, solution takes #(#x,,3) shape
V2o f—d(—byta)+(—ay+z) _ V28 f—d(—byta)+(—ay+z)
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(3.80)

(3.81)

u(t,a:. Y, Z) — C]8 mVd2 402 —2abd+b2d2+1 | 026 rVd2+a2—2abd+b2d2+1 (3~82)

is ES of Eq. (3.56).

Case 2: When 7= 0,a=0,=0,a=0,6=0,c=0,d =0,y =0,

p(l) = Coe 2 4 e~ _ P +?;)¢ — k)

Now, solution takes u(z‘x,y,z) shape
NEIIE V2972 ?;’)((t—i-y)qf) — k)

u(t,r,y,z) = Coe™ ®  +Cre & 5 + Yy + Yt
(3.84)

is ES of Eq(3.56).
Case 3: Whena=0,=0,a=0,b=0,,=0,d=0,y=0,) =0,

241 2611
p(l) = Che™m + Cre™ 7 —no. (3.85)
Now, solution takes #(#x,,3) shape

V26Sz _ V207>
u(t, v, y,z) = Coe™ n— +Cre” 7 (3.86)
is ES of Eq(3.50).
Case 4: Whena=0,b=0,,=0,d=0,y =0,a=0,=0,
NeTail \/ﬁz —1—p)Y—no)o+ k
(1) = el 4 oy (ELm P =)o + kY

¢

u(t, 2,9, 2) = Coe 5 4 Cre 7 4 ((—t—yﬁf);nw)mw N

ne + iy + vt
(3.88)

Now, solution takes #(%x; y,z) shape

is ES of (3.56).

Case 5: Whena—Oz—Oa—Olo 0,=0,d=0,=0,y=0,

( ) Cse h -I- Che” Zf:b L Zovp— ;57?0 + Ry

Now, solution takes #(#x,,) shape

(3.83)

(3.87)

(3.89)
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NeOE _V2er: —py — onx + ki
u(t,r,y,z) = Che” »  +Cie n + ‘ '- '
(t,z,y,2) = C I p (3.90)

nr + Yy + Yt
is a solution of (3.50).

3.5Discussion

In this section we explores the invariant solutions of the GMS equation using the Lie method. We start by applying the second-
order prolongation formula to determine the unknown functions involved in the equation. The application of the second-
order prolongation formula to the GMS equation is presented in Section 2. Afterward, we derive the Lie point symmetries of
the equation to incorporate the values of these functions. Using invariant transformations, we reduce the given PDEs to ODEs
and find their exact solutions.

4 Conclusion

Through the Lie approach, we found various solutions for the GMS equation and determined its Lie point symmetry group.
Applying symmetry reduction three times on the given GMS PDEs results in their transformation into ordinary differential
equations (ODEs). By applying symmetry reduction three times to the given GMS PDEs, we convert them into ordinary
differential equations (ODEs) and construct their invariant solutions. Closed form exact solutions for the GMS equation were
achieved through the combination of constructed Lie symmetries. It is important to note that the symmetry approach used to
obtain closed-form solutions for the given equation has not been reported in previous literature. Consequently, the findings
in this work are new and serve as an extension of the research on the GMS equation, as discussed in the article.
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