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Abstract

In this paper, we present an enhanced class of exponential-ratio-type estimators for estimating the finite population mean
using simple random sampling without replacement. The proposed estimators depend on the careful and appropriate
selection of the parameters of auxiliary information. The inclusion of auxiliary variable decreases the mean square error
(MSE) and boosts the accuracy and efficiency. The expressions for bias and mean square error up to order one, along with
the theoretical conditions are derived. The results show latest estimators performed better than the prior ones. In order to
assess the estimators performance numerically, we use real data set to calculate their mean square error and percentage
relative efficiency (PRE). Using numerical results, a comparative study show that the proposed estimators yielded more
accurate results than existing ones. Therefore, the proposed family of enhanced estimators can be utilized to achieve better
results as compared to the existing mean estimators for the population.
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Introduction:

Incorporating additional auxiliary information and relevant mathematical functions along with the research variable will
enhance the accuracy and efficiency of estimating population parameters. Some statistical techniques, namely ratio,
regression, and exponential estimators, are used to estimate the finite population mean. When there is a significant positive
relationship between the research variable and auxiliary variables, then the ratio estimator is favorable. If it has an adverse
correlation, then the product estimator is implemented. To strengthen the estimates of population parameters, we frequently
make use of auxiliary variables. Cochran [1] is often regarded as the pioneer of the ratio estimation formula in survey
sampling. He played a significant role in this field.

Numerous researchers have presented a variety of ratio-type estimators involving one or more auxiliary variables for
estimating finite population means, for instance, Grover and Kaur [2] have contributed ratio type exponential estimators for
estimating population means involving auxiliary variables in SRS. Gupta and Shabbir [3] focused on improving the
estimation of the population mean in SRS. Haq and Shabbir [4], enhanced the family of ratio estimators in simple and
stratified random sampling, Kadilar et al. [5], showed improvement in estimating the population means by using the
correlation coefficient as auxiliary information. Koyuncu [6] proposed a new family of exponential estimators with the use of
auxiliary attributes.

Various researchers have used product estimators when the correlation between research and auxiliary variables is negative.
Several articles have been published in the case of an exponential ratio estimator using auxiliary variables by multiple
researchers such as, Pandey and Dubey [7], modified product estimator using the coefficient of variation as an auxiliary
variable. Ray and Sahai [8], proposed efficient families of ratio and product-type estimators, Singh et al. [9], used an
improved estimator of the population mean using power transformation and so on. Similarly, exponential ratio cum product
estimator using auxiliary attributes was proposed by Ahmad et al.[10], Kumar and Sunil [11] developed a generalized
exponential-type estimator for the population mean using auxiliary attributes, focusing on improving the exponential ratio
product estimator in the context of non-response. Haq and Shabbir [12] added a stepped-forward class of estimators for the
finite population suggesting in SRS the use of an auxiliary attribute. This study presents a new kind of estimator applying
exponential ratio-cum-product approaches, relying on the foundation laid by prior work [13].

The primary objective of this paper is to generate a new family of exponential ratio estimators that utilizes known population
parameters such as mean, standard deviation, coefficient of correlation, covariance, coefficient of skewness, and coefficient
of variation as an auxiliary variable in the context of SRSWOR.
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Techniques and Terminologies:
A finite population having N units, expressed as G = {gl, 0,,9;, gN} We select a random sample of size n through
SRSWOR, where each unit has an equal chance to appear. We estimate the mean of the research variable and auxiliary

variable by “Y” and "X". For the i" i=1, 2,..., N) unit from G, let Y. stand for RG and X stand for AG. Let the
Y i i
N n
DN Z Yi

population mean and sample mean  of RG be expressed asY = i y= = and their standard deviation is

N n

expressed as S respectively. The population and sample mean of AG is

represented  as while their standard deviations are SX =

> (x-%)
2, (% s, s
':1—1 . Cy = 7 and CX = ?X be the co-efficient of variation of RG and AG.
n i
N N
N Xi—X)? NN+ (X, - X)*

_ i=1 — -
P (N4XN—D§’@M (N =1)(N =2)(N =3)S* (N —-2)(N-3)
kurtosis of AG.
T=C, =p,C,.C,

be Coefficient of skewness and

y-Y X~
Error terms can be represented as €, = M and €, = Y , Expected values of error term can be expressed as
n
)y &) (n-
E(eo) = RC; and E(el) = RCf where R = d o ) = nN = (NNnn) )
X aX X X
(Z:(i—, K: — ,a):—x and a)l:—A
uXx +v 2(aX +b) X+ B X By +Cy

The inclusion of various types of auxiliary variables with variable of research not only decreases the bias but also increases
the efficiency of the new and modified estimators.

Existing Estimators:
Various mean estimators and its MSE are given below:

The usual mean unbiased estimator is U1 =Yy M

Var (U,) = R\?ZCy2 @

Cochran [14] endorsed the conventional ratio estimator to estimate the population means, when there is a positive
relationship between research and auxiliary variables. The usual ratio estimator and its MSE are as follow;

U,=1X ©
X
MSE(U,) =RY (C?+CZ?-2T) “
The exponential ratio estimator idea was put forward by Bahl and Tuteja [15]
— = XX
0, = yexp(z—2)
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MSE(U,) = RY " (C? ﬂu(%)cx2 -T) ©
Singh et al. [16] proposed an exponential ratio type estimator:

0, =yexp(—2%X)_

)
uX=x)+2v

MSE(U.) =RY" (C2+ (Z)asz —aT) ®)
Singh et al. [17] further introduced an exponential ratio estimator with the inclusion of auxiliary variable, given as:
[(aX +b)—(ax+b)
(aX44»+(ax+b)
Where a is not identical to zero and b either be the real numbers or known values of population parameters.
MSE(Us) = RY (C?+K?C? —2KT) (10)

Singh and Kakran [18] introduced a ratio estimator that increases the efficiency of the ratio estimator by adding the
coefficient of kurtosis and the research vatiable.

U5—y XP ®

— = X+,
o=y (=) (a1
X+ By
MSE(J,) = RY" (C2 +Cla(w-2T)) (12)

Upadhyaya and Singh [19] suggested an estimator by including the coefficient of vatiation and the coefficient of kurtosis as
auxiliary variables.

- X +C
U, = y (%) (13)
Xﬂz(x) +Cx
MSE(U,) =RY " (CZ +C? o, (e, — 2T)) 14

Proposed Estimator:

We present a new family of modified exponential ratio estimators for estimating the population mean with the help of
known auxiliary variables. The recommended estimator is more efficient than all prior estimators, which decreases the bias
and increases the PRE of the estimator which is defined as

_ o < X — X
U?z{@y+@(X—x)—@(§J}mm Qgéfiﬁ%i (15)

In this context, 91, 92 and 93 are constants that will optimize the resulting MSE. The constants a and b are generalizing

constants that could take value from the known parameters of the auxiliary variables. By adding vatious auxiliary
information, we obtained different estimators.
The above estimator, in term of error can be expressed as

T o B L a(X-X(1+¢g)
0, =|6Y (1+5,)+0,{X - X (L+5,)) e{f«ueoJ exp{a(>‘<+x‘(1+el)+2b} "

Simplified form of estimator using error term
- = - o X ~de Pe
U =|6Y(1l+&)+0,(X-X)(1+¢g)|-0,| =—— |ex L1+ 22 17
=AY (e e (X=Xt "'[xam)] | Brg)] o
aXx
aX+b
The difference of V from both sides has shown in Eq (20)

,-Y=6Y[1- (%)m v (§>¢2sf oy (g)ma] 6, X[z, - (%)qﬁef]

Where ¢ =

(18)

o[- (%)m + (§)¢Zef e (%)qﬁef vel]-Y
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Bias of proposed estimator

Bias (U, ) =01?[1+(§)¢%cf -CIHTI+ 0P ACH)

(19)
—6,[1+ (§)¢2/1CX2 + (%)MCX2 +AC21-Y

MSE of proposed estimator
MSE(U ) = [V 2 +Y ¢?ACZ +Y AC? -2V $ACyx]+62[X? AC?]+

O2[L+ §2AC2 +3AC2 +2¢AC21+Y +6,0,[2¢7 XAC? ~2Y XAC ]+

0,0,[-2Y - 2Y$*AC —2Y$AC] ~2YACZ +2YAC,, + 2Y$AC ] - (20)
0,0,[26XAC2 +2XAC2]-0]2Y " + (%)(pz\? “JC2—gY AT]- 92[(%)@? Yac?]

+0,[Y + (g)%%cf + (%)%ucj +YACY]

Simplified form of MSE

MSE(Us) = 02A+02B+0°C+Y  +0,0,D +6,0,E —0,0,F —0G —O,H + 6,1 @1
Where

A=Y [l+¢?AC? + AC? —24iCyx], ~ B=[X?*ACZ], C=[l+4#*AC?+3AC? +24C7],
D=2YXA[¢C? - AC,], E=2Y[-1-¢°AC? —pAC2-AC.+IC,, +¢iC,],

F=2XAC[¢+1], G :\?2[2+(%)¢2103 -¢2C,], H= (%)(,zs)?\?ch,
| =Y [1+ (g)wcf + (%)gMCf +AC?]

To get the ideal values of ;, 6, and 0, , we differentiate the eq (21) and equate to zero.

OMSE(U,) 0
00, )
2A0,+DO,+EH,-G=0
23
Similarly
OMSE(U,) 0
06, o
2B(92+D61 —Fe3 —H=0
25
Also
OMSE(U,) 0
06, )
2G3C+91E—92F+I=0
@7

By solving the equations (23, 25 and 27) simultaneously, we obtain 091, 92 and 93 values

;(4BCG+2IBE—2CDH +IDF —EFH - F*G)

o = 28
! (4ABC — AF? —BE? —-CD’* — DEF) @)
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;(4ACH +2IAF —2CDG - IDE - E*H - EFG)

o, = 29
2 (4ABC — AF? — BE* -CD? — DEF) )

—;(4IAB—2AFH +2BEG - ID* - DEH - DFG)

o, = 30
3 (4ABC — AF? —BE® -CD? - DEF) 0

By putting &, , &, and &5 values, we get

[16 ABCY?—4AF?Y2 —4BE%Y? |
+4DEFY?® +4AB—-4ACH? -
1 2IDFG —4BCG? + 4IBEG +

MSEU.), . = (31)
oo 4(4ABC - AF* —BE” —CD” + DEF ) || 4CDGH — D? - 2IDEH +
41AFH + E2H? - 2EFGH
| +F*G? |
Simplified form of MSE
— 1
MSE(U+) =Z[t//1][e//2] (32)
= 1 33
V1= JABC— AF?—BEZ—CD’ + DEF >
w, =16 ABCY’—~4AF?Y? —4BE’Y* +4DEFY* +4AB (34)

Family of Proposed Estimators

Using different choices of the parameters of the auxiliary variables in eq (15), different family members of the proposed

estimators is given in Table 1.

Table 1: Different family members of the proposed estimators

Esimators d cstimators
U poy =16,y +6,(X—x) -6, (i;)] exp[ﬂz( %—Z fi;ﬁsy ] Poxy  Su
U =[6y+6,(X-x) -6, (%)] exp[ﬂz(fz(;igf)_;;?zsx ;o P S
Uy =[91§+92(>‘<_>‘<)_93(§)]exp[sx ()S_<X_(>;<)—+¥;Syx] s, s,
Ups =[0,y+0, (X_;()_es(é)]e)(p[cx(cf f(—(;f)zsy] C, S,
0000 (é)] EXp[pyx/();E)_;;f )25y] A
U = [0,y +0,(X-X) -6, (é)] o0l )_fi(;; Yz)ﬁz(x)] C. Sy

Theoretical Comparisons:
By using the SRS technique, we have performed a theoretical contrast between a proposed estimator and the prior
estimators. Existing estimators are not as efficient as the proposed estimator. List of estimators is given below.
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(i) By comparing eq (32) with eq (2:  MSE(U ) < MSE(U,) iff
Zwlly]-RY'CE <0
(i) Comparing eq (32) and eq :  MSE(Up) SMSE(U2) .,
S0yl ][RV (€} +C -2T)] <0
(iii) Comparing eq (32) and eq (6): MSE(UP) < MSE(Ug)
Iy )-IRY (G +()CE -Tl <0
(iv) Comparing eq (32) and eq (8):  MSE(U ) < MSE(U 4)
Sl ][RV (€ + (a’C? -aT)] <0
(vi) Comparing eq(32) and eq(10): MSE(L_JP) < MSE(GS)
Slly]-[RY (€ + KEC? - 2KT)] <0
(vii) Comparing eq (32) and eq (12): MSE(U ) < MSE (U )
S0lly]-[RY (CE + Clo(w-2T)] <0
(vii) Comparing eq (32) and eq (14): MSE(L_JP) < MSE(L_J7)
Slly]-[RY (€ +Clao (e - 2T)] <0

Numerical Evaluation:

For numerical illustration, we use two data sets to evaluate the efficiency of current and proposed estimators. Data 1 is taken
from Kadilar and Cingi [20] shown below. The information set represents Turkey’s Aegean area accumulated using a simple
random sampling scheme. The data set represents the quantity of apple production (as the study variable “y”) and the
number of apple trees (as the auxiliary variable “x”) in 106 Aegean Place villages in 1990. Data 2 is taken from Kadilar and
Cingi [21] shown below. MSE and PRE of existing and proposed estimators for data 1 and data 2 are provided in Table 2.
The results proved that the proposed estimator shows an optimum result compared to other prior estimators. Different

values of the data sets are described below:

Data 1:

N=106, n=20, Y =2212.59, X =27421.7, C, =522, C, =2.10,
S, =57460.61, Sy =11551.53, SyX =568176176.1, Doy =3457

Data 2:

N=200, n=50, Y =500, X =25, Cy =15, C =

S, =50, S, =7500, S, =35496.89, Pagy =50

Py =0.86,

Py =0.9543,

Table 2: MSE and PRE values for suggested and existing estimators using two data sets

S.No Estimators MSE/PRE Datal Data2

1 U, MSE 5411348 843750
PRE 100 100
2 — MSE 2542740  644032.5
U,
PRE 212.8156  131.0105
3 U, MSE 3758095  740141.2
PRE 143.9918  113.9985
4 g MSE 3758098  740310.3
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PRE 143.9917 113.9725

5 U MSE 3758956 791008.1

PRE 143.9588  106.6677

6 Us MSE 2545251  773844.2

PRE 212.6057  109.0336

7 U, MSE 2542745  644327.6

PRE 212.8152  130.9505

8 U MSE 225094.6  48513.08
p(min) PRE

2404.033 1739.222

9 0 MSE 1120056 81919.39

P PRE 483132 1029.976

10 0 MSE 1091100  48513.08

P2 PRE 4959533 1739.222

11 0 MSE 1115730  48827.59

Ps PRE 485.0052  1728.019

12 0 MSE 1065047  48481.94

Pa PRE 508.0854  1740.339

13 0 MSE 1111852  77781.15

Ps PRE 486.6967  1084.774

Table 3: Numerical verification of conditions (i)-(vii) derived in efficiency comparisons
Conditions  Existing Data Proposed Estimators

Fstmators Upminy  Up Uy, Uy, Ub, U,
i Ul 1 5186253 4291292 4320248 4295618 4346301 4299496
2 795236.9 761830.6 795236.9 794922.4 795268.1 765968.9
i1 Uz 1 2317645 1422684 1451640 1427010 1477693 1430888
2 595519.4 562113.1 595519.4 595204.9 595550.6 566251.4
il Us 1 3533000 2638039 2666995 2642365 2693048 2646243
2 691628.1 658221.8 0691628.1 0691313.6 691659.3 662360.1
iv U4 1 3533003 2638042 2666998 2642368 2693051 2646246
2 691797.2 658390.9 0691797.2 691482.7 691828.4 662529.2
v Us 1 3533861 2638900 2667856 2643226 2693909 2647104
2 742495 709088.7 742495 742180.5 742526.2 713227
vi UG 1 2320156 1425195 1454151 1429521 1480204 1433399
2 725331.1 6919248 725331.1 725016.6 725362.3 696063.1
vii U7 1 2317650 1422689 1451645 1427015 1477698 1430893
2 595814.5 562408.2 595814.5 595500 595845.7 566546.5

Results and Discussions:

This work proposed an exponential family of estimators under simple random sampling for finite population mean
by incorporating auxiliary information. We used two real data sets to assess the performance of existing and proposed family
of estimators through MSE and PRE criterion. Proposed family of estimators yields varying outcomes by using different
known parameters such as CX , Cy ,SX, Sy, Syx and ,BZ(X) etc.

The subsequent main statements are presented as

i. Table 2 shows that all the proposed estimators U Py (@ = min, 1, 2... 5) having smallest MSEs and largest PREs
q

comparatively existing estimators. This reveals that proposed estimators outperform than existing ones.

ii. The combo of various known parameters CX , Cy , SX, Sy, Syx ’pyx and /82(x) yields different outcomes for
proposed estimators.

iii. The proposed estimator Up(min) have minimum MSE and higher PRE for both the data sets i.e. (225094.6, 2404.033)

and (48513.08, 1739.222).

iv. The theoretical efficiency criteria are verified as all of the numerical discrepancies are greater than zero.

v. Table 3 reveals that all the numerical differences are greater than zero which verifies the efficiency conditions described
theoretically.
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Conclusion:

A refined family of estimators for the finite population mean utilizing auxiliary information, has been proposed. The bias
and mean squared error (MSE) are theoretically derived up to the first-order approximation. The proposed estimators are
compared with existing ones both theoretically and numerically, using MSE and PRE as benchmarks. Numerical
comparisons are conducted using two real-world datasets. The results clearly show that the proposed estimators consistently
achieve lower MSEs as compared to traditional estimators while estimating the finite population mean through simple
random sampling.
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